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Quantum coherence is an essential resource for quantum information processing and various quan-
titative measures of it have been introduced. However, the interconnections between these measures
are not yet understood properly. Here, using a large set of randomly prepared X states and analyt-
ically obtained expressions of various measures of coherence (e.g., relative entropy of coherence, l1
norm of coherence, coherence via skew information, and first-order coherence), it is established that
these measures of quantum coherence cannot be used to perform ordering of a set of quantum states
based on the amount of coherence present in a state. Further, it is shown that for a given value of
quantum coherence measured by the relative entropy of coherence, maximally nonlocal mixed states
of X type (which are characterized by maximal violation of the CHSH inequality) have maximum
quantum coherence as measured by l1 norm of coherence. In addition, the amount of coherence
measured by l1 norm of coherence for a Werner state is found to be always less than that for a
maximally nonlocal mixed state even when they possess an equal amount of coherence measured
by the relative entropy of coherence. These resource theory based measures of coherence are not
observed to show any relation with the first-order coherence, while its maximum (hidden coherence)
is found to be more connected to concurrence both being basis independent quantities. These obser-
vations could be of use in obtaining a deeper understanding of the interconnections between various
measures of quantum coherence.
I. INTRODUCTION
Coherence is ubiquitous in quantum systems and is
known to be the primary factor behind the emergence
of phenomena that are dramatically different from those
observed in the systems where it is absent. This fact was
first realized in the context of wave optics, where the pres-
ence of coherence was observed to have some effects which
were radically different from the phenomena usually ob-
served in the domain of traditional geometrical optics [1–
3]. More dramatic consequences of coherence, specifically
that of quantum coherence which signifies the existence
of superposition between quantum states, appeared in
the last century with the advent of quantum mechanics
in general and with the understanding of quantum inter-
ference in particular. The interest in quantum coherence
further amplified with the advent of quantum computa-
tion and communication, where entangled states, which
are nothing but non-separable superpositions in a tensor
product space, play a crucial role.
Quantum coherence originates from the wave function
description of quantum systems and cannot be described
within the framework of classical physics. A consequence
of quantum coherence is the existence of nonclassical
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states which have no classical analogue and can only
be understood as uniquely quantum in character [4, 5].
These states are essential for the establishment of quan-
tum supremacy ([6] and references therein). In fact, in
the context of quantum information processing, quantum
coherence is being widely accepted as an important re-
source [7, 8], and thus it is important to quantify the
amount of coherence present in a quantum state. Re-
cently, Baumgratz et al. [9] have provided a framework
for the quantitative characterization of quantum coher-
ence by treating it as a physical resource. The framework
to quantify coherence is based on considering an incoher-
ent basis and defining an incoherent state as one which
is diagonal in that basis. Since the pioneering work of
Baumgratz et al. [9], various measures of quantum co-
herence have been proposed [10–17] and used [7, 8]. How-
ever, till date only the relative entropy of coherence, l1
norm of coherence, and a skew information based mea-
sure of coherence have been found to be satisfactory. It
is worth noting here that all these measures are basis
dependent quantities. In what follows, we will discuss
these measures along with some other proposed measures
of quantum coherence as well as a measure of first-order
coherence [18], which can also be referred to as optical
coherence as it resembles the measure of coherence used
in optics.
Apart from the quantitative measures of coherence, the
idea of quantum coherence has also been examined from
various other interesting perspectives. For example, in
the field of quantum thermodynamics, studies have been
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2performed to understand the possibilities of the extrac-
tion of work from quantum coherence [19]. Studies of
low temperature thermodynamics with quantum coher-
ence [20, 21] and the role of quantum coherence in energy
transfer [22] have also been reported. In quantum biology
[23], it has been shown that quantum coherence plays a
major role in photosynthesis [24], and quantum coherence
and entanglement are known to play an important role
in the avian compass in migratory birds [25]. Similarly,
quantum coherence has various important applications
in the field of quantum algorithms [26, 27] and quantum
metrology [28, 29].
Further, the close relationship among nonclassicality,
entanglement, Bell nonlocality, and quantum coherence
leads to the question: are the known limitations of the
quantitative measures of nonclassicality [30, 31], entan-
glement [32], steering [33], and Bell nonlocality [34] also
apply to the quantitative measures of quantum coher-
ence? In all earlier studies [30–35], it has been observed
that the ordering of quantum states based on the amount
of a particular type of nonclassicality they contain (as
measured by different quantitative measures of that non-
classical feature) is usually inconsistent. Therefore, here
we attempt to answer a question: If a measure of coher-
ence p, indicates that state A has more coherence than
state B, will that also mean that A will always be found
to have more coherence even when coherence is measured
using another quantitative measure, q, in the same ba-
sis? In other words, are the quantitative measures of the
quantum coherence monotone of each other? If not, are
they connected with each other for a subset of a family
of quantum states? Until now, no effort has been made
to answer these questions satisfactorily. Motivated by
these facts, here we aim to address some of the above
mentioned hitherto unanswered questions related to the
measures of quantum coherence and their interrelations
using X states [36, 37] as our example states as these
states are known to serve as a good test bed to explore
and study the properties and applications of quantum
coherence [38–46]. In what follows, we will show that
the quantitative measures of quantum coherence are not
monotone of each other unless they are trivially depen-
dent on each other, but are only related for a subset of
a family of X states, and such states define the bound-
ary values of the measures of coherence. By obtaining
the ‘relative’ coherence (the amount of coherence using
one measure relative to that from another measure) we
could identify the states having maximum and minimum
values of relative coherence. This in turn can help us to
illuminate the connections between different measures of
quantum coherence.
The rest of the paper is organized as follows. In Sec-
tion II, we briefly review different measures of coherence.
Thereafter, we introduce X states and their properties
in Section III. This is followed by our comparative study
in Section IV to establish the relationship between dif-
ferent measures of coherence for the family of X states.
We briefly discuss first-order coherence for X states in
Section V before concluding the paper in Section VI.
II. MEASURES OF COHERENCE
As mentioned above, Baumgratz et al. [9] have re-
cently provided a prescription for the quantitative char-
acterization of quantum coherence by considering coher-
ence as a physical resource. They proposed the following
set of criteria (which we would refer to as Baumgratz et
al.’s criteria) that every potential quantifier of coherence
(C) should satisfy:
• (C1) Non-negativity: C(ρ) ≥ 0 with equality if and
only if ρ is incoherent.
• (C2a) Monotonicity: C does not increase under the
application of completely positive and trace pre-
serving incoherent operations, i.e., C(φ[ρ]) ≤ C(ρ),
where φ is any completely positive and trace pre-
serving incoherent operation.
• (C2b) Strong monotonicity: C does not increase on
an average under selective incoherent operations,
i.e.,
∑
i
qiC(ρi) ≤ C(ρ), where ρi = (KiρK†i )/qi are
post measurement states with probabilities given
by qi = Tr[KiρK
†
i ], and Ki are incoherent Kraus
operators.
• (C3) Convexity: C does not increase under mixing,
i.e.,
∑
i piC(ρi) ≥ C(
∑
i piρi).
Here, ρ is the density operator corresponding to the
quantum state. Based on the above criteria, many quan-
tum coherence measures have been introduced. However,
it is very difficult to prove the condition of strong mono-
tonicty (C2b) for them. Usually, it is sufficient to just
prove the conditions (C1), (C2b) and (C3) as (C2a) is
already implied by (C2b) and (C3). It is found that of
all the existing well-known measures of coherence, only
the relative entropy of coherence and l1 norm of co-
herence satisfy these criteria and hence these two mea-
sures of coherence serve as good quantifiers of coherence.
Along with these, a recently introduced coherence mea-
sure based on skew information has also been shown to
satisfy Baumgratz et al.’s criteria [13]. In this section, we
aim to briefly describe these three measures along with
some other proposed quantifiers with an aim to compare
them and find out their interrelations and limitations. To
begin with, we describe relative entropy of coherence.
A. Relative entropy of coherence
The relative entropy of coherence [9] present in a quan-
tum state represented by the density matrix ρ is defined
as
Crel(ρ) = S(ρdiag)− S(ρ), (1)
3where S(ρ) is the von Neumann entropy of ρ, and ρdiag
denotes the state obtained from ρ by removing all the
off-diagonal elements of ρ. Note that Crel (1) is a ba-
sis dependent quantity. Due to its similarity in form to
that of the relative entropy of entanglement, Crel has
a physical meaning [16]. Specifically, it physically repre-
sents the optimal rate of the distilled maximally coherent
states that can be produced by incoherent operations in
the asymptotic limit of many copies of ρ. Interestingly,
experimental measurement of this coherence quantifier
can be performed without full quantum state tomogra-
phy [13].
B. l1 norm of coherence
The l1 norm of coherence [9] is given by
Cl1(ρ) =
∑
i,j,i 6=j
|ρi,j |. (2)
This measure of coherence, which like Crel (1) is also basis
dependent, is presently not known to have any analogue
in the resource theory of entanglement [7]. While efforts
had been made earlier to find a physical interpretation
to (2), recently it has been reported that for a multi-slit
interference set up coherence as defined by (2) can be
experimentally measured [47–51].
C. Skew information based measure of coherence
In 2014, Girolami [12] introduced a new experimentally
accessible measure of coherence known as k−coherence
which was based on quantum skew information. The
motivation for this was the fact that quantum coherence
of a state ρ is rooted in unpredictability, and the state ρ
is incoherent in the eigenbasis of an observable k if and
only if it commutes with k. The k−coherence is given
by:
I(ρ, k) = −1
2
Tr{[√ρ, k]2} (3)
Later it was found that (3) violates the property of strong
monotonicity for certain states [52]. Recently, motivated
by the k−coherence, Yu [13] has proposed a new quan-
tum coherence measure using skew information and have
proven that it satisfies all the conditions required for a
good quantifier (mentioned above as Baumgratz et al.’s
criteria). Additionally, in contrast to a set of other mea-
sures of coherence mentioned in the following subsection,
it has an analytic expression which is easy to calculate
and analyze. The quantum coherence of state ρ in the
basis {|i〉} via skew information is given by
Cskew(ρ) = −1
2
∑
i
Tr{[√ρ, |i〉〈i|]2}. (4)
It is important to note that all the above measures of
coherence (i.e., relative entropy of coherence, l1 norm of
coherence, and skew information based coherence) satisfy
Baumgratz et al.’s criteria and have closed form expres-
sions, hence their computation does not involve any opti-
mization method. Further, relative entropy of coherence
and l1 norm of coherence are considered to be equally
good measures of quantum coherence, and a relation be-
tween these two measures has been conjectured by Rana
et al. [11] as
Cl1(ρ) ≥ Crel(ρ). (5)
Rana et al. have proved the conjecture (5) for pure qubit
states, but the validity of this conjecture for mixed states
is still an open problem. Further, no such relation be-
tween l1 norm (or relative entropy) based measures of
coherence and skew information based measure of coher-
ence has yet been investigated. In what follows, we will
try to provide some insights into these issues using the
example of the class of X states.
D. Other quantitative measures of quantum
coherence
Nonclassicality measures have traditionally been stud-
ied with reference to the quantum theory of light (see Ref.
[30] and references therein). Intuitively, it seems obvious
that nonclassicality in light must be connected with the
notion of quantum coherence. This is so because a non-
classical state is defined as a state which cannot be ex-
pressed as a mixture of coherent states. This essentially
implies the existence of non-zero coherence (off-diagonal
terms in the density matrix of a nonclassical state) when
expressed in the coherent state basis. Naturally, a set
of quantifiers of quantum coherence analogous to earlier
proposed measures of nonclassicality have been proposed.
For example, in the context of nonclassicality, a measure
of nonclassicality in single mode fields was introduced in
the past [53] as the amount of two mode entanglement
generated by it (i.e., a nonclassical state) using linear
optics and classical states only. In analogy, Streltsov et
al. [10] have tried to relate the theories of quantum co-
herence with that of quantum entanglement. They have
proved that any degree of quantum coherence with re-
spect to some reference basis can be converted to entan-
glement via application of incoherent operations. This
approach is similar to Asboth et al.’s idea [53], which
provided a model for inter-convertibility of the quanti-
fiers of nonclassicality and entanglement.
To understand the idea of Streltsov et al. [10], let us
consider an example with a source (S) (which may or
may not have coherence) attached to an ancilla (A) and
apply a CNOTSA operation jointly to the source and
ancilla. If the ancilla and source are in the states |0〉A
and |0〉S , respectively, the application of CNOTSA gate
on the joint state of source and ancilla would result in
the state |00〉SA → |00〉SA, which is clearly a separable
4state. When the state of source is α|0〉 + β|1〉 : |α| 6= 0
and |α|2 + |β|2 = 1, i.e., a state with a finite amount of
coherence, the application of the CNOTSA gate on the
joint state of source and ancilla would entangle them,
i.e., α|0〉S + β|1〉S ⊗ |0〉A → α|00〉SA + β|11〉SA. Clearly,
CNOTSA gate is acting here as an incoherent operator
and producing entanglement between the source and the
ancilla only if the source has some quantum coherence in
it. Further, upon the application of CNOTSA gate, the
amount of entanglement created between the source and
the ancilla comes at the cost of amount of coherence left
over in the source state.
It is not our purpose to elaborate on this analogy. How-
ever, this analogy hints at the possibility that the lim-
itations of nonclassicality measures may be present in
the coherence measures, too. As we will further discuss
that some measures of quantum coherence require opti-
mization over infinitely many states and are expected to
encounter the same drawbacks as similar nonclassicality
measures are known to face [30]. In analogy with the
above example, Streltsov et al. [10] have mathematically
proven that a state ρS can be converted to an entangled
state via incoherent operations if and only if ρS is co-
herent (Theorem 2 of Ref. [10]). Thus, this work led to
a framework for inter-conversion of quantum coherence
and quantum entanglement due to which, in principle,
we can use any quantifier of quantum entanglement as
a measure of quantum coherence. Keeping this in mind,
a family of entanglement based coherence measures were
defined {CE} as follows [10]
CE(ρS) = lim
dA→∞
{sup
∧SA
ES:A
(∧SA [ρS ⊗ |0〉〈0|A])}, (6)
where E is an arbitrary entanglement measure, and
supremum is taken over all incoherent operations.
This leads to a new perspective towards the under-
standing of relation between quantum coherence and
quantum entanglement. However, the non-monotonic
nature of the relationship between the measures of co-
herence is expected to remain valid for this family of
measures, too, as it is well-known that the measures of
entanglement are not monotones of each other [32, 54].
Another major criticism of the above method of calcu-
lating the coherence is that we have to undertake the
maximization over infinitely many incoherent operations
that are available. So the task at hand is practically im-
possible and is useful only for the cases where we can get
a simple analytical expression, which is possible only for
a subclass of states.
Note that the most of the proposed quantifiers [7, 8],
such as trace distance measure of coherence [11], robust-
ness of coherence [14], convex roof measures of coherence
[15, 16], geometric coherence [10], coherence monotones
of entanglement [10], coherence of assistance [17], are
based on optimization and do not have any analytical
form (except for some subset of states) or do not satisfy
the property of strong monotonocity. Moreover, it has
been shown that the trace distance measure of coherence
[11] and robustness of coherence [14] reduce to l1 norm
of coherence for all the single qubit and X states.
E. Measure of first-order coherence
Beyond the framework of resource theory, there are
some other types of coherence or asymmetry measures
[18, 55, 56] which are also of great significance in opti-
cal coherence theory and condensed matter physics. A
particular measure of first-order coherence [18], D =√
2Tr[ρ2]− 1, has been exploited recently for single
qubit subsystems to introduce the concept of accessi-
ble coherence. For example, for a two-qubit state ρAB ,
the degree of first-order coherence of each subsystem
is given by Di =
√
2Tr[ρ2i ]− 1 ∀ i ∈ {A,B}, and the
amount of coherence present in the system is defined as
D2 = (D2A +D
2
B)/2. The state ρAB can be transformed
via a global unitary (U) to get state ρ′AB = UρABU
†
such that the first-order coherence can vanish and the
two subsystems become strongly correlated. On the
other hand, for certain unitary operation (U ′), the max-
imum first-order coherence can be obtained, which is
D2max = (λ1−λ4)2+(λ2−λ3)2, where λis are the eigenval-
ues of the state ρAB in a decreasing order [18]. Further,
D2max can be called the degree of available coherence,
since it represents the maximum first-order coherence
that can be extracted under a global unitary transfor-
mation.
III. X STATES
X states were introduced by Yu and Eberly [36, 37]
in a study highlighting the finite time disentanglement
of two qubits due to spontaneous emission resulting in
entanglement sudden death [57]. Since then these states
have become a subject of extensive study as they con-
tain an important class of pure and mixed states, such
as maximally entangled states (like Bell states), partially
entangled and quantum correlated states (like the Werner
states [58]), maximally nonlocal mixed states (MNMSs)
[59], maximally entangled mixed states (MEMSs) [60–
62] as well as non-entangled (separable) states. The X
states are described in the computational basis {|00〉,
|01〉, |10〉,|11〉} as
ρX =
 ρ11 0 0 ρ140 ρ22 ρ23 00 ρ∗23 ρ33 0
ρ∗14 0 0 ρ44
 . (7)
The positions of the non-zero elements of ρX resemble the
shape of the letter X, and hence the states having density
matrix of this form are referred to as X states. For ρX
to represent a physical state, we must have
∑
i
ρii = 1,
ρ22ρ33 ≥ |ρ23|2, and ρ11ρ44 ≥ |ρ14|2 [38]. Further, ρ14
and ρ23 are complex numbers, but they can always be
5made real and non-negative by local unitary transforma-
tions. Thus, without loss of generality, we can always
start with a ρX with all real and non-negative elements.
The eigenstates of ρX are given by
λ1 =
1
2
{
(ρ11 + ρ44) +
√
(ρ11 − ρ44)2 + 4|ρ14|2
}
, (8)
λ2 =
1
2
{
(ρ11 + ρ44)−
√
(ρ11 − ρ44)2 + 4|ρ14|2
}
,
λ3 =
1
2
{
(ρ22 + ρ33) +
√
(ρ22 − ρ33)2 + 4|ρ23|2
}
,
λ4 =
1
2
{
(ρ22 + ρ33)−
√
(ρ22 − ρ33)2 + 4|ρ14|2
}
.
As mentioned previously, X states can be both separable
and entangled depending upon the values of parameters
describing them. It is known that X states are entangled
if and only if either ρ22ρ33 < |ρ14|2 or ρ11ρ44 < |ρ23|2
[38], and the amount of entanglement, as measured by
concurrence, is given by
Concurrence(ρX) = 2 max
{
0, |ρ14| − √ρ22ρ33,
|ρ23| − √ρ11ρ44
}
.
(9)
Another interesting feature of X states is that they
have only nonlocal coherence (i.e., the coherence pertain-
ing to the total system). All local coherences (i.e., the
coherence of the reduced density matrix of the subsys-
tem) vanish for these states. This can be easily visualized
from the reduced density matrices that can be obtained
for the subsystems A and B as
ρAX =
(
ρ11 + ρ22 0
0 ρ33 + ρ44
)
(10)
and
ρBX =
(
ρ11 + ρ33 0
0 ρ22 + ρ44
)
. (11)
For unitary time evolution, it has been observed that ρX
retains its X form if and only if the Hamiltonian is X
shaped in the computational basis [38]. Further, it is
also known that this state can retain its form during the
time evolution under a restricted class of open system
dynamics [38].
Recently, numerous studies have been reported that
look at the theoretical aspects of X states, with specific
focus on quantum correlations, as well as their produc-
tion and manipulation in experimental systems. Ali et
al. [63] have tried to find an analytical expression for
the quantum discord of two-qubit X states, which was
later found not to be valid for a few states [64]. Rau [65]
has studied the algebraic characterization of X states in
quantum information. On the experimental side, two-
qubit X states can be produced in a wide variety of sys-
tems, such as optical systems [40–43], ultra cold atoms
[44, 45], and nuclear magnetic resonance [46]. The im-
portance of X states lies in the very sparse structure of
the density matrix describing them, due to which they
can be analyzed efficiently. Recently, Paulo et al. [39]
have proved that for every two-qubit state, there is a
X-counterpart, i.e., a corresponding two-qubit X state
having the same spectrum and entanglement, as mea-
sured by concurrence, negativity or relative entropy of
entanglement. This universality property of X states al-
lows us to map every two-qubit state to an equivalent X
state, and hence these X states constitute an important
resource for quantum communication and computation.
The study of X states is very important in understand-
ing subtle concepts of quantum correlations, quantum co-
herence, and quantum entanglement as they form a very
broad subset of two-qubit mixed states and incorporate
most of the states that can be produced experimentally.
In the next section, we will try to quantify the quantum
coherence of X states via different available measures of
coherence and try to find relations between them.
IV. RELATIONS BETWEEN THE RESOURCE
THEORETIC MEASURES OF QUANTUM
COHERENCE
We have randomly prepared 105 X states and have
quantified the amount of coherence present in these states
using the quantitative measures of coherence described in
Section II. Specifically, for each of the randomly prepared
states we have computed the relative entropy of coher-
ence, l1 norm of coherence, coherence via skew informa-
tion, and first-order coherence. The obtained results are
plotted to reveal relationships between various measures
of coherence. To begin with, in Fig. 1, we provide a scat-
ter plot of random X states with coherence measured by
relative entropy of coherence on the abscissa and l1 norm
of coherence on the ordinate. The relative entropy of co-
herence (1) for the X states can be expressed as
Crel(ρX) =
∑
i
λi log2(λi)−
∑
i
ρii log2(ρii), (12)
where λis are the eigenvalues of the X states given by Eq.
(8), while ρii represent the diagonal values of the X state
(7). Similarly, the amount of coherence of X states (7)
measured by l1 norm of coherence (2) can be expressed
as
Cl1(ρX) = 2(|ρ14|+ |ρ23|). (13)
We can clearly see from Fig. 1 that these two quantum
coherence quantifiers are not monotone of each other.
To illustrate this point specifically, we have marked two
points on the plot as A and B which correspond to two
different X states ρA and ρB , respectively. Clearly, as
far as the relative entropy of coherence is concerned ρB
has more coherence than ρA. However, the opposite is
observed if we measure coherence using l1 norm of co-
herence. Thus, we cannot conclude whether ρA possesses
more coherence than ρB or not. This situation is anal-
ogous to the case of measures of nonclassicality [30, 31],
6entanglement [32], steering [33], Bell nonlocality [34], and
non-Markovinaity [35], where non-monotonic natures of
different measures have already been observed.
The MNMSs [59] form a subclass of X states and are
described as
ρMNMS =

1
2 0 0

2
0 0 0 0
0 0 0 0

2 0 0
1
2
 . (14)
For each value of  ∈ {0, 1}, the state ρMNMS is a Bell
diagonal state and represents the state that produces a
maximal violation of the CHSH inequality [66]. In the
scatter plot of relative coherence for the randomX states,
measured by relative entropy of coherence and l1 norm
of coherence, we find that the MNMSs form the upper
boundary as represented by the red squares in Fig. 1.
Clearly, this shows that for a given value of quantum co-
herence measured by the relative entropy of coherence,
the MNMSs of X type have the maximum quantum co-
herence as measured by l1 norm of coherence. Further,
we can note that these states having maximum quantum
coherence also maximally violate the CHSH inequality.
A 
B 
FIG. 1: (Color online) The blue points represent scatter plots
for X states. The red squares represent the same for MNMSs,
and the green circles correspond the same for MEMSs. The
pink triangles are obtained for the Werner states. The black
(dashed) and brown (smooth) curves represent the line with
slope 1 and 0.5 respectively. The black (dashed) line also
represents the results obtained for state ρL. All the quantities
shown in this plot and the rest of the figures in the present
work are dimensionless.
The Werner states [58], which are described as a sta-
tistical mixture of a maximally entangled state and a
maximally mixed state can be written as
ρW = |Φ+〉〈Φ+|+ 1− 
4
I2 ⊗ I2, (15)
where I2 is the identity matrix, and |Φ+〉 = 1√2{|00〉 +
|11〉}. Note that the Werner state is also a subset of X
states as it can be written as
ρW =

1+
4 0 0

2
0 1−4 0 0
0 0 1−4 0

2 0 0
1+
4
 . (16)
Depending on the value of , a Werner state is entangled if
 > 13 and separable otherwise [67]. For
1
3 <  <
1√
2
, the
Werner states are found to be entangled, but such states
do not violate any Bell’s inequality. The Werner states,
sometimes referred to as decoherence-free states, have
special significance in quantum information processing
applications where there is a need to combat decoherence
in noisy channels [68]. We can clearly see from Fig. 1
that the amount of coherence measured by l1 norm of
coherence for a Werner state (pink triangles) is always
less than that for a MNMS (red squares) even though
both the states may have the same amount of coherence
as measured by the relative entropy of coherence.
Let us further consider the case of MEMSs [62]. These
represent a class of states for which no additional entan-
glement can be produced by global unitary operations.
These states are a generalization of the class of Bell states
to mixed states and are known to have the highest degree
of entanglement for a given purity of a state. While Bell
states are known to be maximally entangled two-qubit
pure states, all other maximally entangled states can be
represented as
ρMEMS =
 g() 0 0

2
0 1− 2g() 0 0
0 0 0 0

2 0 0 g()
 , (17)
where
g() =
{

2 , if  ≥ 23
1
3 ,  <
2
3
. (18)
We can clearly see from Fig. 1 that the MEMSs (repre-
sented by the green circles) have lesser quantum coher-
ence as measured by l1 norm of coherence than that of
the MNMSs and Werner states for the same amount of
quantum coherence as measured by relative entropy of
coherence.
Interestingly, Rana et al. [11] have proved that for any
d dimensional mixed state Cl1(ρ) ≥ Crel(ρ)log2 d and conjec-
tured that Cl1(ρ) ≥ Crel(ρ) for all states. The smooth
brown line in Fig. 1 represents a straight line with slope
1
2 , while the black dashed curve represents the straight
line with slope 1. We can clearly see from Fig. 1 that
Rana et al.’s conjecture described by inequality (5) is
clearly valid for the case of X states. Let us now focus
on the states which would satisfy Cl1(ρX) = Crel(ρX),
i.e., the X states that have the same amount of quan-
tum coherence as measured by l1 norm of coherence and
7relative entropy of coherence. These states are given by
ρL =


2 0 0

2
0 1−  0 0
0 0 0 0

2 0 0

2
 (19)
for 0 ≤  ≤ 1. The amount of coherence present in these
states as measured by two different measures of coherence
has been illustrated by the black dashed line in Fig. 1.
We can clearly see that Cl1(ρL) = , and the eigenvalues
of ρL are 0, 0, , and 1 − . Using the eigenvalues of ρL
in Eq. (1), the relative entropy of coherence evaluates to
the value of Crel(ρL) = , which is same as that computed
using the l1 norm of coherence. We can see that the state
ρL is similar to the MEMS for  ≥ 23 and retains its form
for the whole range (0 ≤  ≤ 1).
In summary, we have seen that the two well-known
measures of quantum coherence, namely the relative en-
tropy of coherence and the l1 norm of coherence, are not
monotone of each other, and we have analytical expres-
sions for the states forming the lower and upper bounds
of the scatter plots (Fig. 1) for the class of X states.
To further stress on the non-monotonic nature of the
measures of quantum coherence, we now consider an-
other measure of coherence, which is referred to as trace
distance measure of coherence [11] and is defined as
Ctr(ρ) = min ||ρ − δ||1, where δ belongs to the set of
incoherent states I. The problem with this measure is
that it does not satisfy the property of strong monotonic-
ity for all the states. Rana et al. [11] have shown that
for the case of single qubit and X states, the trace dis-
tance measure of coherence reduces to just the l1 norm
of coherence and hence is a valid measure of quantum co-
herence for these states. Thus, Fig. 1 also establishes the
fact that the trace distance measure of coherence and the
relative entropy of coherence are not monotone of each
other. Similarly, it is known that the quantum coherence
as measured by the robustness of coherence [14] reduces
to the l1 norm of coherence for X states. Thus, Fig.
1 also establishes that robustness of coherence and the
relative entropy of coherence are not monotone of each
other.
In Sec. II, we have already defined the skew informa-
tion based measure of coherence (4). Here, we would try
to compute this measure of coherence for X states and
check whether this measure is monotonic with the other
measures, i.e., relative entropy of coherence and l1 norm
of coherence. Figure 2 represents the scatter plot of l1
norm of coherence and quantum coherence via skew in-
formation for X states. We can clearly see that these
two measures are also not monotone of each other. In-
terestingly, just like the variation of l1 norm of coherence
with relative entropy of coherence, MNMSs (ρMNMS) are
found to form the upper boundary of the scatter plot,
and the state (ρL) forms the lower boundary, while the
MEMSs and Werner states are observed to lie between
them. Therefore, the quantifiers of quantum coherence,
namely l1 norm of coherence and quantum coherence via
FIG. 2: (Color online) The blue points represent scatter plots
of X states for l1 norm of coherence versus the quantum co-
herence via skew information. The red squares, green circles,
and pink triangles represent the same for MNMSs, MEMSs,
and Werner states, respectively. Further, the black (dashed)
line represents the results obtained for state ρL.
FIG. 3: (Color online) The blue points represent scatter
plots of X states for relative entropy of coherence versus the
quantum coherence via skew information. The red squares,
green circles, and pink triangles represent the same for MN-
MSs, MEMSs, and Werner states, respectively.
skew information, are also not monotonic of each other
and will not follow each other with respect to the ordering
of the states. Figure 3 represents the scatter plot of the
relative entropy of coherence versus quantum coherence
via skew information, and we can clearly see that these
two measures of coherence are also not monotone of each
other. In the light of all our results and observations, we
can conclude that the different popular quantifiers cur-
rently being used to measure the quantum coherence are
not equivalent. This would imply an ambiguity with re-
spect to the ordering of the states as can be seen from
8the plots in Figs. 1-3. Further, we have already men-
tioned that the non-monotonic nature of the measures
of coherence shown in this paper would remain valid for
entanglement-based measures of coherence too, as it is
well-known that the measures of entanglement are also
not monotone of each other [54].
FIG. 4: (Color online) The blue points represent scatter
plots of l1 norm of coherence versus quantum entanglement
measured by concurrence for the X states. The red squares,
green circles, and pink triangles represent the same for MN-
MSs, MEMSs, and Werner states, respectively.
Let us look further at the possible relation between
the amount of entanglement as measured by concur-
rence and the amount of coherence as measured by l1
norm of coherence. For the X states under consid-
eration, we can see that Cl1(ρX) = 2 (|ρ14|+ |ρ23|) ,
while the concurrence is given by Concurrence(ρX) =
2 max {0, |ρ14|−√ρ22ρ33, |ρ23|−√ρ11ρ44}. Thus, we can
clearly see that Cl1(ρX) ≥ Concurrence(ρX). We further
analyze the state for which Cl1(ρX) = Concurrence(ρX),
i.e., the amount of coherence as measured by the l1 norm
of coherence is equal to the amount of entanglement as
measured by concurrence. We can see from Fig. 4 that
MNMSs and MEMSs form the lower boundary of the
scatter plot for concurrence and l1 norm of coherence,
respectively. Further, we know that Werner states are
separable if  < 13 and entangled otherwise. This fact is
also reflected in Fig. 4. Note that here, all the coherence
measures, which are basis dependent, are obtained in the
computational basis. There is a simple reason behind it-
the X states are defined in the computational basis only.
However, in principle, we can measure coherence using
other bases, too. If we change the basis and compute the
coherence using different measures, it is expected that
the analytical form of the states forming the upper and
lower boundary would change. Specifically, we may visu-
alize this point, by noting that MNMSs are Bell diagonal
states, and we have already shown that these states form
the upper boundary in our Fig. 1. Therefore, if we choose
the Bell basis as our incoherent basis, then MNMSs will
not form the upper boundary. Here, we restrict ourselves
from exploring more in this direction as the study on
the computational basis alone provides us answer to the
question that this paper aims to address. Keeping this
in mind, we now proceed to describe a new measure of
coherence in the following section (first-order coherence),
which is a basis independent measure like concurrence.
FIG. 5: (Color online) The blue points represent scatter
plots of first-order coherence (D2) versus relative entropy of
coherence. The red squares, green circles, and pink triangles
represent the same for MNMSs, MEMSs, and Werner states,
respectively.
FIG. 6: (Color online) The blue points represent scatter
plots of hidden coherence (D2max) versus relative entropy of
coherence. The red squares, green circles, and pink triangles
represent the same for MNMSs, MEMSs, and Werner states,
respectively.
9FIG. 7: (Color online) The blue points represent scatter
plots of hidden coherence (D2max) versus concurrence. The
red squares, green circles, and pink triangles represent the
same for MNMSs, MEMSs, and Werner states, respectively.
V. FIRST-ORDER COHERENCE
Let us further analyze, how the first-order coherence
[18] and the maximum first-order coherence vary for X
states. This coherence measure is based on the purity
of the subsystems which constitute the bipartite state.
From Figs. 5 and 6, we can see that there is no clear
relation between the first-order coherence and the mea-
sures of coherence as described by resource theory of co-
herence, such as l1 norm of coherence, relative entropy
of coherence, and coherence using the skew information.
This was expected as first-order coherence was intro-
duced with an altogether different motivation, and it does
not follow Baumgratz et al.’s criteria. Moreover, it is re-
lated to the purity of the individual subsystems of which
the combined bipartite system is composed. In Section
II, we have already mentioned that the amount of hid-
den coherence (degree of available coherence) is known as
the maximum first-order coherence. Consequently, this
measure of coherence is a basis independent measure in
contrast to the basis dependent measures of coherence
present in the resource theory of quantum coherence dis-
cussed above. Svozil´ık et al. [18] have shown a possible
trade off between the amount of hidden coherence present
in the system and the amount of violation of CHSH in-
equality [66].
Specifically, Figs. 5 and 6 illustrate the scatter plot
of D2 and D2max versus Crel for different X states under
consideration. We can clearly see from Fig. 5 that the
amount of first-order coherence, i.e., D2 is zero for the
case of MNMS (red squares) and Werner (pink triangles)
states, while it is nonzero for most of the MEMSs (green
circles). Further, the amount of hidden coherence D2max,
i.e., the coherence available after the unitary transfor-
mation for X states shows that of all the subclasses of
X states considered in the study, MNMSs (red squares)
have the maximum amount of hidden coherence D2max
with respect to the relative entropy of coherence. There-
fore, we can see that the maximum first-order coherence
is also not monotonic with the measures of quantum co-
herence studied here. Specifically, it is illustrated in Fig.
6 that the maximum first-order coherence is not mono-
tonic with the relative entropy of coherence. Further,
it is checked that the maximum of first-order coherence
is not monotonic with l1 norm of coherence and skew
information based measure of coherence, too. However,
corresponding plots are not shown here. We have also
studied the relation between first-order coherence (D2)
and the amount of entanglement as measured by con-
currence for different X states. However, we have not
included the corresponding plot as it is found to be sim-
ilar to the scatter plot of D2 versus Crel (Fig. 5).
Interestingly, both D2max and concurrence are known
to be basis independent quantities. We found this fact
motivating enough to explore the relationship between
these two basis independent quantities. Figure 7 illus-
trates the scatter plot of D2max with respect to the con-
currence of the X states under consideration. We can
clearly see from Fig. 7 that the MEMSs (green circles)
form the lower boundary of the plots. We can see that for
zero value of concurrence (i.e., for the separable state),
MEMSs (green circles) have a value of D2max = 0.1, while
for MNMSs (red squares) we obtain D2max = 0.5. How-
ever, there are separable X states (including the sepa-
rable subclass of Werner states) which can be observed
to have smaller values of hidden coherence than that of
MEMSs. As the amount of concurrence starts to increase,
the difference in the amount of hidden coherence D2max
for the MNMSs (red squares) and the MEMSs (green cir-
cles) starts decreasing and becomes equal to zero when
the amount of concurrence = 1 (i.e., for a maximally en-
tangled X state). In all cases, for the same amount of
entanglement as measured by concurrence, the amount of
hidden coherence for the MNMSs (red squares) is always
greater that that of the MEMSs (green circles).
The study of first-order coherence has provided a kind
of completeness to the present study, but we could not
find any concrete relation between first-order coherence
and other measures of coherence studied here. However,
efforts have already been made to relate the resource the-
ories of coherence and the interferometric visibility (cf.
Bera et al. [47] and Bagan et al. [48]) by using l1 norm
of coherence to measure the visibility in a multi-slit ex-
periment [49–51].
VI. CONCLUSIONS
This paper aimed to answer the question: Can we com-
pare the quantum coherence present in two states? A
detailed analysis revealed that the answer is no. This is
so because the analysis performed using the X states and
the measures of coherence (relative entropy of coherence,
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l1 norm of coherence, skew information based measure of
coherence, robustness of coherence, trace distance norm
of coherence, and first-order coherence) has proved that
the measures of coherence studied here are not mono-
tone of each other. This feature (non-monotonic nature
of the measures) is not only present in the nonclassicality
measures reported before [30, 31] but also in measures of
coherence (studied here). Similar results have also been
observed in the context of measures of entanglement [32],
steering [33], Bell nonlocality [34], non-Markovianity [35],
etc. Specifically, in our analysis, we see that in all these
cases some of the investigated measures are not mono-
tones of each other. Further, our analysis reveals that for
a given value of quantum coherence measured by the rela-
tive entropy of coherence, the MNMSs of X type have the
maximum quantum coherence as measured by l1 norm of
coherence. In addition, we observe that the amount of
coherence measured by l1 norm of coherence for a Werner
state is found to be always less than that for a MNMS
even when they possess an equal amount of coherence as
measured by the relative entropy of coherence. We have
illustrated our main observations in graphs (Figs. 1-7).
Further, we have also found analytical expressions for the
states forming the upper and lower bounds of the scatter
plots of the l1 norm of coherence and the relative entropy
of coherence for X states. It is interesting that the same
behavior was observed between the l1 norm of coherence
and skew information based measure of coherence, i.e.,
the boundary states are observed to be the same as that
in the previous case. However, no such relation between
the relative entropy of coherence and skew information
based measure of coherence have been found as the states
with both higher and lower values of Crel were observed
for the same amount of Cskew. Further, we have analyzed
the results for the case of first-order coherence to check
for any relation between these two completely different
types of coherence measures. However, first-order coher-
ence being connected with the purity of reduced states
has no direct relation with any measure used in the re-
source theory of quantum coherence. Also, considering
its close analogy with entanglement measured using con-
currence, we have studied the relation between first-order
coherence and concurrence to reveal that they are not re-
lated. However, the maximum of first-order coherence is
found to be more related to concurrence as both are basis
independent quantities. Note that neither first-order, nor
hidden coherence show monotonic behavior with concur-
rence. Also, during the present study, we have restricted
to computational basis as our incoherent basis asX states
are defined in this basis only and a different choice of in-
coherent basis would have revealed the same results with
different boundary states.
We have not only shown the conjecture in Ref. [11] to
satisfy in the present study (at least for X states), us-
ing some of the existing discrete results on the quantum
coherence measured for X states, we have extended our
results to a large class of measures of quantum coher-
ence and have shown that they too are not monotone of
each other. Specifically, the trace distance and robust-
ness of coherence have the same value as that of l1 norm
of coherence for X states and are thus non-monotonic
with relative entropy of coherence and skew information
based measure of coherence as well. Finally, we conclude
that the quantum coherence measures studied here are
not monotone of each other. Probably, at a deeper level
they capture different manifestations of nonclassicality.
Consequently, there is no way to circumvent the difficulty
associated with the comparison of the amount of coher-
ence between two states. Further, the relationship of
coherence with different measures of nonclassicality, en-
tanglement and other measures of quantum correlations,
such as discord, is still an open problem and this work is
expected to provide some deeper understanding of these
facets of nonclassicality and their mutual relationship.
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